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A THREE-BY-THREE MATRIX REPRESENTATION OF A GENERALIZED
TRIBONACCI SEQUENCE
GAMALIEL CERDA-MORALES
Abstract. The Tribonacci sequence is a well-known example of third order recurrence se-
quence, which belongs to a particular class of recursive sequences. In this article, other
generalized Tribonacci sequence is introduced and defined by
Hn+2 = Hn+1 +Hn +Hn−1 (n ≥ 1),
where H0 = 3, H1 = 0 and H2 = 2. Also n-th power of the generating matrix for this
generalized Tribonacci sequence is established and some basic properties of this sequence are
obtained by matrix methods. There are many elementary formulae relating the various Hn,
most of which, since the sequence is defined inductively, are themselves usually proved by
induction.
1. Preliminaries
Let Q =

 1 1 11 0 0
0 1 0

 be a companion matrix of the Tribonacci sequence {Tn}n≥0 defined
by the third-order linear recurrence relation
T0 = 0, T1 = T2 = 1, Tn = Tn−1 + Tn−2 + Tn−3 (n ≥ 3). (1.1)
Then, by an inductive argument ([17], [18]), the n-th power Qn has the matrix form
Qn =

 Tn+1 Tn + Tn−1 TnTn Tn−1 + Tn−2 Tn−1
Tn−1 Tn−2 + Tn−3 Tn−2

 (n ≥ 3). (1.2)
This property provides an alternate proof of the Cassini-type formula for {Tn}n≥0:
T 3
n−1 + T
2
n−2Tn+1 + Tn−3T
2
n
− 2Tn−2Tn−1Tn − Tn−3Tn−1Tn+1 = 1. (1.3)
It is well known [7] that the usual Tribonacci numbers can be expressed using Binet’s formula
Tn =
αn+1
(α− ω1)(α− ω2)
−
ωn+11
(α− ω1)(ω1 − ω2)
+
ωn+12
(α− ω2)(ω1 − ω2)
. (1.4)
where α, ω1 and ω2 are the roots of the cubic equation x
3 − x2 − x − 1 = 0. Furthermore,
α = 1
3
+AT +BT , ω1 =
1
3
+ ǫAT + ǫ
2BT and ω2 =
1
3
+ ǫ2AT + ǫBT , where
AT =
3
√
19
27
+
√
11
27
, BT =
3
√
19
27
−
√
11
27
,
and ǫ = − 1
2
+ i
√
3
2
is a primitive cube root of unity.
From the Binet’s formula Eq. (1.4), using the classic identities
α+ ω1 + ω2 = 1, αω1 + αω2 + ω1ω2 = −1, αω1ω2 = 1, (1.5)
we have for any integer n ≥ 2:
αTn + (1 + ω1ω2)Tn−1 + Tn−2
=
αn−1(α3 + (1 + ω1ω2)α+ 1)
(α − ω1)(α − ω2)
−
ωn−11 (αω
2
1 + (1 + ω1ω2)ω1 + 1)
(α− ω1)(ω1 − ω2)
+
ωn−12 (αω
2
2 + (1 + ω1ω2)ω2 + 1)
(α − ω2)(ω1 − ω2)
= αn.
Then, we obtain
αTn + (1 + ω1ω2)Tn−1 + Tn−2 = αn (n ≥ 2). (1.6)
2010 Mathematics Subject Classification. 11B39, 40C05.
Key words and phrases. Tribonacci Sequence, Tribonacci-Lucas Sequence, Generalized Tribonacci Sequences,
Matrix Methods.
1
2 G. CERDA-MORALES
Multipling Eq. (1.6) by α, using αω1ω2 = 1, and if we change α, ω1 and ω2 role above process,
we obtain the quadratic approximation of {Tn}n≥0
Quadratic app. of {Tn} :


αn+1 = Tnα
2 + (Tn−1 + Tn−2)α+ Tn−1,
ωn+11 = Tnω
2
1 + (Tn−1 + Tn−2)ω1 + Tn−1,
ωn+12 = Tnω
2
2 + (Tn−1 + Tn−2)ω2 + Tn−1,
(1.7)
where α, ω1 and ω2 are the roots of the cubic equation x
3 − x2 − x− 1 = 0.
In Eq. (1.7), if we change α, ω1 and ω2 into the companion matrix Q and change Tn−1 into
the matrix Tn−1I, where I is the 3 × 3 identity matrix, then we obtain the matrix form Eq.
(1.2) of Qn
Qn+1 = TnQ
2 + (Tn−1 + Tn−2)Q+ Tn−1I

=

 Tn+2 Tn+1 + Tn Tn+1Tn+1 Tn + Tn−1 Tn
Tn Tn−1 + Tn−2 Tn−1



 .
The Tribonacci sequence has been generalized in many ways, for example, by changing
the recurrence relation while preserving the initial terms, by altering the initial terms but
maintaining the recurrence relation, by combining of these two techniques, and so on (for more
details see [8, 13, 15, 18]).
In [16], Silvester shows that a numbers of the Fibonacci sequence can be derived from a
matrix representation. In [11], Ko¨ken and Bozkurt obtained some important properties of
Jacobsthal numbers by matrix methods, using diagonalization of a 2 × 2 matrix to obtain a
Binet’s formula for the Jacobsthal numbers. In [5], Demirtu¨rk obtained summation formulae
for the Fibonacci and Lucas numbers by matrix methods. In [9], Godase and Dhakne described
some properties of k-Fibonacci and k-lucas numbersby matrix terminology. In [1, 2], Catarino
and Vasco introduced a 2× 2 matrix for the k-Pell and k-Pell-Lucas sequences. This methods
give the motivation of our research.
2. Main Results
The main aim of this paper is to study other generalized Tribonacci sequence by matrix
methods, which is defined below:
Definition 2.1. The generalized Tribonacci sequence, say {Hn}n≥0 defined by
Hn+2 = Hn+1 +Hn +Hn−1, H0 = 3, H1 = 0, H2 = 2. (2.1)
Clearly x3 − x2 − x − 1 = 0 is also the characteristic equation of the sequence (2.1). It
produces three roots as α = 1
3
+ AT + BT , ω1 =
1
3
+ ǫAT + ǫ
2BT and ω2 =
1
3
+ ǫ2AT + ǫBT ,
where
AT =
3
√
19
27
+
√
11
27
, BT =
3
√
19
27
−
√
11
27
,
and ǫ = − 1
2
+ i
√
3
2
is a primitive cube root of unity.
Also the 3× 3 matrix called generating matrix for the sequence (2.1) is defined as
H =

 1 1 11 0 0
0 1 0

 . (2.2)
Theorem 2.2 (Binet Formulae for the Generalized Tribonacci Sequence).
Hn = α
n + ωn1 + ω
n
2 −
αn+1
(α− ω1)(α− ω2)
+
ωn+11
(α− ω1)(ω1 − ω2)
−
ωn+12
(α− ω2)(ω1 − ω2)
= Kn − Tn, n ≥ 0,
Hn = 3Tn+1 − 3Tn − Tn−1, n ≥ 1,
(2.3)
where Kn is the n-th Tribonacci-Lucas number.
Proof. The general form of the generalized Tribonacci sequence may be expressed in the form:
Hn = Aα
n +Bωn1 + Cω
n
2 , (2.4)
where A, B and C are constants that can be determined by the initial conditions. So put the
values n = 0, n = 1 and n = 2 in equation (2.4), we get
A+B + C = 3, Aα+Bω1 + Cω2 = 0 and Aα
2 +Bω21 + Cω
2
2 = 2.
After solving the above system of equations for A, B and C, we get
A =
3ω1ω2 + 2
(α− ω1)(α− ω2)
, B = −
3αω2 + 2
(α− ω1)(ω1 − ω2)
, C =
3αω1 + 2
(α− ω2)(ω1 − ω2)
.
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Therefore,
Hn =
(3ω1ω2 + 2)α
n
(α− ω1)(α− ω2)
−
(3αω2 + 2)ω
n
1
(α− ω1)(ω1 − ω2)
+
(3αω1 + 2)ω
n
2
(α− ω2)(ω1 − ω2)
and by (1.5), we have
Hn =
((2ω1ω2 + 1) + (1 + ω1ω2))α
n
(α− ω1)(α − ω2)
−
((2αω2 + 1) + (1 + αω2))ω
n
1
(α− ω1)(ω1 − ω2)
+
((2αω1 + 1) + (1 + αω1))ω
n
2
(α − ω2)(ω1 − ω2)
=
((2ω1ω2 + 1) + (α
2 − α))αn
(α − ω1)(α − ω2)
−
((2αω2 + 1) + (ω
2
1 − ω1))ω
n
1
(α− ω1)(ω1 − ω2)
+
((2αω1 + 1) + (ω
2
2 − ω2))ω
n
2
(α− ω2)(ω1 − ω2)
=
((α2 + 2ω1ω2 + 1)− α)α
n
(α− ω1)(α − ω2)
−
((ω21 + 2αω2 + 1)− ω1)ω
n
1
(α− ω1)(ω1 − ω2)
+
((ω22 + 2αω1 + 1)− ω2)ω
n
2
(α− ω2)(ω1 − ω2)
=
((α− ω1)(α − ω2)− α)α
n
(α− ω1)(α− ω2)
−
((α − ω1)(ω1 − ω2)− ω1)ω
n
1
(α− ω1)(ω1 − ω2)
+
((α− ω2)(ω1 − ω2)− ω2)ω
n
2
(α − ω2)(ω1 − ω2)
= αn + ωn1 + ω
n
2 −
αn+1
(α− ω1)(α− ω2)
+
ωn+11
(α− ω1)(ω1 − ω2)
−
ωn+12
(α− ω2)(ω1 − ω2)
= Kn − Tn.
(2.5)
This proves the first part of the theorem (2.3).
Now if we consider equations (1.5) and (2.5), we get
Hn =
(3ω1ω2 + 2)α
n
(α− ω1)(α − ω2)
−
(3αω2 + 2)ω
n
1
(α− ω1)(ω1 − ω2)
+
(3αω1 + 2)ω
n
2
(α− ω2)(ω1 − ω2)
=
(3(ω1ω2 + 1)− 1)α
n
(α− ω1)(α − ω2)
−
(3(αω2 + 1)− 1)ω
n
1
(α− ω1)(ω1 − ω2)
+
(3(αω1 + 1)− 1)ω
n
2
(α− ω2)(ω1 − ω2)
=
(3(α2 − α)− 1)αn
(α− ω1)(α− ω2)
−
(3(ω21 − ω1)− 1)ω
n
1
(α− ω1)(ω1 − ω2)
+
(3(ω22 − ω2)− 1)ω
n
2
(α− ω2)(ω1 − ω2)
=
(3α2 − 3α− 1)αn
(α− ω1)(α − ω2)
−
(3ω21 − 3ω1 − 1)ω
n
1
(α − ω1)(ω1 − ω2)
+
(3ω22 − 3ω2 − 1)ω
n
2
(α − ω2)(ω1 − ω2)
= 3Tn+1 − 3Tn − Tn−1.
This proves the second part of the theorem (2.3). 
Theorem 2.3. For n ∈ N, we have
9Hn+2 − 2Hn+1 + 35Hn = 41Kn, (2.6)
where Kn is the n-th Tribonacci-Lucas number.
Proof. To prove this we will use equations (2.1), (2.3), (1.1) and (1.5):
41Kn = 41(Hn + Tn)
= (35Hn + 6Hn) + 41Tn
= 35Hn + 6(3Tn+1 − 3Tn − Tn−1) + 41Tn
= 35Hn + 18Tn+1 + 23Tn − 6Tn−1
= 35Hn + 18Tn+1 + 23Tn − 6(Tn+2 − Tn+1 − Tn)
= 35Hn − 6Tn+2 + 24Tn+1 + 29Tn
= 35Hn − 6Tn+2 + 24Tn+1 + 27(Tn+3 − Tn+2 − Tn+1) + 2Tn
= 35Hn + 27Tn+3 − 33Tn+2 − 3Tn+1 + 2Tn
= 35Hn − 2(3Tn+2 − 3Tn+1 − Tn) + 9(3Tn+3 − 3Tn+2 − Tn+1)
= 35Hn − 2Hn+1 + 9Hn+2,
as required. 
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Theorem 2.4 (The n-th Power of the Generating Matrix). For n ∈ N, we have
Hn =
1
41


10Hn+1 + 16Hn
+7Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2


, (2.7)
where H−1 = −1, H−2 = −2.
Proof. Here we shall use induction on n. Indeed (2.7) is true for n = 1. Now, we suppose that
the (2.7) is true for n. Let us show that the result is true for n+ 1, then
Hn+1 =
1
41


10Hn+1 + 16Hn
+7Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2



 1 1 11 0 0
0 1 0


=
1
41


10Hn+1 + 26Hn + 33Hn−1
+23Hn−2 + 7Hn−3
10Hn+1 + 26Hn
+23Hn−1 + 7Hn−2
10Hn+1 + 16Hn
+7Hn−1
7Hn+1 + 10Hn + 19Hn−1
+12Hn−2 + 9Hn−3
7Hn+1 + 10Hn
+12Hn−1 + 9Hn−2
7Hn+1 + 3Hn
+9Hn−1
9Hn+1 + 7Hn +Hn−1
−8Hn−2 − 6Hn−3
9Hn+1 + 7Hn
−8Hn−1 − 6Hn−2
9Hn+1 − 2Hn
−6Hn−1


=
1
41


10Hn+2 + 16Hn+1
+7Hn
10Hn+1 + 26Hn
+23Hn−1 + 7Hn−2
10Hn+1 + 16Hn
+7Hn−1
7Hn+2 + 3Hn+1
+9Hn
7Hn+1 + 10Hn
+12Hn−1 + 9Hn−2
7Hn+1 + 3Hn
+9Hn−1
9Hn+2 − 2Hn+1
−6Hn
9Hn+1 + 7Hn
−8Hn−1 − 6Hn−2
9Hn+1 − 2Hn
−6Hn−1


,
as required. 
Theorem 2.5 (Cubic Identity). For n ∈ N with n ≥ 3, we obtain
H3n−1 +H
2
n−2Hn+1 +Hn−3H
2
n − 2Hn−2Hn−1Hn −Hn−3Hn−1Hn+1 = 41. (2.8)
Proof. For Eq. (2.2), det(Hn) = 1 for all n ∈ N and now from Eq. (2.7), we get
Hn =
1
41


10Hn+1 + 16Hn
+7Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2


.
Then,
det(Hn) =
1
1681
∣∣∣∣∣∣∣∣∣∣∣∣
10Hn+1 + 16Hn
+7Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2
∣∣∣∣∣∣∣∣∣∣∣∣
=
1
41
{
H3
n−1 +H
2
n−2Hn+1 +Hn−3H
2
n
−2Hn−2Hn−1Hn −Hn−3Hn−1Hn+1
}
.
Therefore, {
H3n−1 +H
2
n−2Hn+1 +Hn−3H
2
n
−2Hn−2Hn−1Hn −Hn−3Hn−1Hn+1
}
= 41 det(Hn).
Since from Eq. (2.2), det(Hn) = 1. Then,{
H3n−1 +H
2
n−2Hn+1 +Hn−3H
2
n
−2Hn−2Hn−1Hn −Hn−3Hn−1Hn+1
}
= 41.
Hence the result. 
Theorem 2.6. For n ∈ N, we get
 Hn+2Hn+1
Hn

 =

 1 1 11 0 0
0 1 0



 Hn+1Hn
Hn−1

 . (2.9)
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Proof. To prove the ongoing result we shall use induction on n. Indeed the result is true for
n = 1. Suppose that the result is true for n, then
 Hn+3Hn+2
Hn+1

 =

 Hn+2 +Hn+1 +HnHn+2
Hn+1


=

 1 1 11 0 0
0 1 0



 Hn+2Hn+1
Hn

 .
Since the result is true for n then
 Hn+3Hn+2
Hn+1

 =

 1 1 11 0 0
0 1 0


2 
 Hn+1Hn
Hn−1


=

 1 1 11 0 0
0 1 0



 Hn+1 +Hn +Hn−1Hn+1
Hn


=

 1 1 11 0 0
0 1 0



 Hn+2Hn+1
Hn

 .
as desired. 
Theorem 2.7. For n ≥ 0, we obtain
 Hn+2Hn+1
Hn

 = Hn

 H2H1
H0

 . (2.10)
Proof. To prove the ongoing result we shall use induction on n. Indeed the result is true for
n = 0. Suppose that the result is true for n then
 1 1 11 0 0
0 1 0


n+1 
 H2H1
H0

 =

 1 1 11 0 0
0 1 0

Hn

 H2H1
H0

 .
Since the result is true for n then
 1 1 11 0 0
0 1 0


n+1 
 H2H1
H0

 =

 1 1 11 0 0
0 1 0



 Hn+2Hn+1
Hn


=

 Hn+2 +Hn+1 +HnHn+2
Hn+1


=

 Hn+3Hn+2
Hn+1


as desired. 
3. Binet’s Formula by Matrix Diagonalization of Generating Matrix
In this section we will use the diagonalization of the generating matrix (2.2) to obtain Binet’s
formula for the generalized Tribonacci sequence (2.1). For this purpose we should prove the
following theorem:
Theorem 3.1. For n ≥ 0:
Hn =
1
λT


3(ω1 − ω2)α
n+2 − 3(α− ω2)ω
n+2
1 + 3(α− ω1)ω
n+2
2
−3(ω1 − ω2)α
n+1 + 3(α− ω2)ω
n+1
1 − 3(α− ω1)ω
n+1
2
− (ω1 − ω2)α
n + (α− ω2)ω
n
1 − (α− ω1)ω
n
2

 , (3.1)
where λT = (α− ω1)(α− ω2)(ω1 − ω2).
Proof. The generating matrix is given by H =

 1 1 11 0 0
0 1 0

. Now here our motive is to
diagonalize the generating matrix H . Since H is a square matrix and so let x be the eigenvalue
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of H and then by the Cayley Hamilton theorem on matrices, we get
0 = |H − xI3|
=
∣∣∣∣∣∣

 1− x 1 11 −x 0
0 1 −x


∣∣∣∣∣∣
= x3 − x2 − x− 1.
This is the characteristic equation of the generating matrix. Let α, ω1 and ω2 be the roots of
the characteristic equation and also α, ω1 and ω2 be the three eigenvalues of the square matrix
H . Now, we will try to find the eigenvectors corresponding to the eigenvalues α, ω1 and ω2. To
find the eigenvectors we simply solve the system of linear equations given by
(H − xI3)vx = 0,
where vx is the column vector of order 3 × 1. First of all we calculate the eigenvector corre-
sponding to the eigenvalue α and then
0 = (H − αI3)vα =

 1− α 1 11 −α 0
0 1 −α



 v1v2
v3


=

 (1 − α)v1 + v2 + v3v1 − αv2
v2 − αv3

 ,
consider the system 

(1− α)v1 + v2 + v3 = 0
v1 − αv2 = 0
v2 − αv3 = 0
(3.2)
and if we take v3 = c in equation (3.2), we get v2 = αc and v1 = α
2c. Hence the eigenvectors
corresponding to α are type

 α2cαc
c

. In particular c = 1, the eigenvector corresponding to
α is

 α2α
1

. Similarly the eigenvectors corresponding to ω1 and ω2 are

 ω21ω1
1

 and

 ω22ω2
1

,
respectively.
Let PT be the matrix of eigenvectors, so PT =

 α2 ω21 ω22α ω1 ω2
1 1 1

 and then
P−1
T
=
1
λT

 ω1 − ω2 −(ω1 + ω2)(ω1 − ω2) ω1ω2(ω1 − ω2)−(α− ω2) (α+ ω2)(α− ω2) −αω2(α − ω2)
α− ω1 −(α+ ω1)(α− ω1) αω1(α− ω1)

 ,
where λT = (α− ω1)(α − ω2)(ω1 − ω2).
Now we keep the diagonal matrix D in which eigenvalues of H are on the main diagonal,
so D =

 α 0 00 ω1 0
0 0 ω2

 and then by the diagonalization of matrices, we get H = PTDP−1T .
Then,
Hn =
(
PTDP
−1
T
)n
= PTD
nP−1
T
=
1
λT

 α2 ω21 ω22α ω1 ω2
1 1 1



 αn 0 00 ωn1 0
0 0 ωn2



 ω1 − ω2 −(ω1 + ω2)(ω1 − ω2) ω1ω2(ω1 − ω2)−(α− ω2) (α + ω2)(α− ω2) −αω2(α− ω2)
α− ω1 −(α+ ω1)(α− ω1) αω1(α− ω1)


=
1
λT

 αn+2 ωn+21 ωn+22αn+1 ωn+11 ωn+12
αn ωn1 ω
n
2



 ω1 − ω2 −(ω1 + ω2)(ω1 − ω2) ω1ω2(ω1 − ω2)−(α− ω2) (α+ ω2)(α− ω2) −αω2(α− ω2)
α− ω1 −(α+ ω1)(α− ω1) αω1(α− ω1)

 .
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Using the previous equality and Eq. (2.10), we solve the third row of matrix Hn:
Hn =
1
λT

2


(ω1 − ω2)α
n
−(α− ω2)ω
n
1
+(α− ω1)ω
n
2

+ 3


ω1ω2(ω1 − ω2)α
n
−αω2(α− ω2)ω
n
1
+αω1(α− ω1)ω
n
2




=
1
λT


(2 + 3ω1ω2)(ω1 − ω2)α
n
−(2 + 3αω2)(α − ω2)ω
n
1
+(2 + 3αω1)(α − ω1)ω
n
2


=
1
λT


(2 + 3(α2 − α− 1))(ω1 − ω2)α
n
−(2 + 3(ω21 − ω1 − 1))(α − ω2)ω
n
1
+(2 + 3(ω22 − ω2 − 1))(α − ω1)ω
n
2


=
1
λT


(3α2 − 3α− 1)(ω1 − ω2)α
n
−(3ω21 − 3ω1 − 1)(α− ω2)ω
n
1
+(3ω22 − 3ω2 − 1)(α− ω1)ω
n
2


=
1
λT


3(ω1 − ω2)α
n+2 − 3(α− ω2)ω
n+2
1 + 3(α− ω1)ω
n+2
2
−3(ω1 − ω2)α
n+1 + 3(α− ω2)ω
n+1
1 − 3(α− ω1)ω
n+1
2
− (ω1 − ω2)α
n + (α− ω2)ω
n
1 − (α− ω1)ω
n
2

 .
The proof is completed. 
Theorem 3.2. The generalized characteristic roots of Hn are
αn =
Kn
3
+An +Bn, ω
n
1 =
Kn
3
+ ǫAn + ǫ
2Bn and ω
n
2 =
Kn
3
+ ǫ2An + ǫBn, (3.3)
where
An =
3
√
K3
n
27
−
KnRn
6
+
1
2
+
√
∆(n), Bn =
3
√
K3
n
27
−
KnRn
6
+
1
2
−
√
∆(n),
with ∆(n) =
K
3
n
27
−
K
2
n
R
2
n
108
− KnRn
6
+
R
3
n
27
+ 1
4
and ǫ = − 1
2
+ i
√
3
2
.
Proof. If we write. the characteristic polynomial of Hn, we achieve
|Hn − yI3| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
10Hn+1 + 16Hn
+7Hn−1
41
− y
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
41
10Hn + 16Hn−1
+7Hn−2
41
7Hn+1 + 3Hn
+9Hn−1
41
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
41
− y
7Hn + 3Hn−1
+9Hn−2
41
9Hn+1 − 2Hn
−6Hn−1
41
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
41
9Hn − 2Hn−1
−6Hn−2
41
− y
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
1
1681
∣∣∣∣∣∣∣∣∣∣∣∣
10Hn+1 + 16Hn
+7Hn−1 − 41y
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3 − 41y
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2 − 41y
∣∣∣∣∣∣∣∣∣∣∣∣
.
Then, after using Eqs. (2.6), (2.7) and (2.8) we conclude that
|Hn − yI3| =


H3
n−1 +H
2
n−2Hn+1 +Hn−3H
2
n
−2Hn−2Hn−1Hn −Hn−3Hn−1Hn+1
−y


4HnHn−1 + 2HnHn−2 + 6HnHn−3 + 6H2n
−6Hn+1Hn−1 − 6Hn−1Hn−2 − 4Hn+1Hn−2
+Hn+1Hn−3 − 3H2n−1


+y2(10Hn+1 + 32Hn + 15Hn−1 + 6Hn−2 + 9Hn−3)− 41y3


=

 41− y


4HnHn−1 + 2HnHn−2 + 6HnHn−3 + 6H2n
−6Hn+1Hn−1 − 6Hn−1Hn−2 − 4Hn+1Hn−2
+Hn+1Hn−3 − 3H2n−1

+ 41y2Kn − 41y3


= 41− 41yRn + 41y
2Kn − 41y
3,
where Kn =
1
41
(9Hn+2 − 2Hn+1 + 35Hn) in Eq. (2.6) and
Rn =
1
41


4HnHn−1 + 2HnHn−2 + 6HnHn−3 + 6H2n
−6Hn+1Hn−1 − 6Hn−1Hn−2 − 4Hn+1Hn−2
+Hn+1Hn−3 − 3H2n−1

 . (3.4)
Hence the characteristic equation of Hn is given by
y3 −Kny
2 +Rny − 1 = 0 (3.5)
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and the generalized characteristic roots are y1 =
Kn
3
+ An + Bn, y2 =
Kn
3
+ ǫAn + ǫ
2Bn and
y3 =
Kn
3
+ ǫ2An + ǫBn, where
An =
3
√
K3
n
27
−
KnRn
6
+
1
2
+
√
∆(n), Bn =
3
√
K3
n
27
−
KnRn
6
+
1
2
−
√
∆(n),
with ∆(n) =
K
3
n
27
−
K
2
n
R
2
n
108
− KnRn
6
+
R
3
n
27
+ 1
4
and ǫ = − 1
2
+ i
√
3
2
. Clearly the Eq. (3.5) has three
roots given αn, ωn1 and ω
n
2 , and consequently we get the desired result as α
n = Kn
3
+An +Bn,
ωn1 =
Kn
3
+ ǫAn + ǫ
2Bn and ω
n
2 =
Kn
3
+ ǫ2An + ǫBn. Hence the result. 
Theorem 3.3. The characteristic equation of H is
α3 − α2 − α− 1 = 0. (3.6)
Proof. Here we employ the method of matrices as well as determinants to obtain the charac-
teristic equation for H . Since
Hn =
1
41


10Hn+1 + 16Hn
+7Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
10Hn + 16Hn−1
+7Hn−2
7Hn+1 + 3Hn
+9Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
7Hn + 3Hn−1
+9Hn−2
9Hn+1 − 2Hn
−6Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
9Hn − 2Hn−1
−6Hn−2


Hn
Hn−1
=
1
41


10Hn+1 + 16Hn
+7Hn−1
Hn−1
10Hn + 26Hn−1
+23Hn−2 + 7Hn−3
Hn−1
10Hn + 16Hn−1
+7Hn−2
Hn−1
7Hn+1 + 3Hn
+9Hn−1
Hn−1
7Hn + 10Hn−1
+12Hn−2 + 9Hn−3
Hn−1
7Hn + 3Hn−1
+9Hn−2
Hn−1
9Hn+1 − 2Hn
−6Hn−1
Hn−1
9Hn + 7Hn−1
−8Hn−2 − 6Hn−3
Hn−1
9Hn − 2Hn−1
−6Hn−2
Hn−1


.
Since the ratio of two consecutive generalized Tribonacci numbers is equal to α, then
lim
n→∞
10Hn+1 + 16Hn + 7Hn−1
Hn−1
= 10 lim
n→∞
Hn+1
Hn−1
+ 16 lim
n→∞
Hn
Hn−1
+ 7
= 10 lim
n→∞
Hn+1
Hn
· lim
n→∞
Hn
Hn−1
+ 16 lim
n→∞
Hn
Hn−1
+ 7
= 10α2 + 16α+ 7
and
lim
n→∞
10Hn + 26Hn−1 + 23Hn−2 + 7Hn−3
Hn−1
= 10 lim
n→∞
Hn
Hn−1
+ 26 +
23
limn→∞
Hn−1
Hn−2
+
7
limn→∞
Hn−1
Hn−2
· limn→∞
Hn−2
Hn−3
= 10α+ 26 +
23
α
+
7
α2
.
Again
lim
n→∞
10Hn + 16Hn−1 + 7Hn−2
Hn−1
= 10 lim
n→∞
Hn
Hn−1
+ 16 +
7
limn→∞
Hn−1
Hn−2
= 10α+ 16 +
7
α
.
Therefore,
lim
n→∞
Hn
Hn−1
=
1
41

 10α2 + 16α+ 7 10α+ 26 + 23α + 7α2 10α+ 16 + 7α7α2 + 3α+ 9 17α+ 10 + 12
α
+ 9
α2
7α+ 3 + 9
α
9α2 − 2α− 6 9α+ 7− 8
α
− 6
α2
9α− 2− 6
α

 .
If we consider Eqs. (1.5) and (1.7), we have
 10α2 + 16α+ 7 10α+ 26 + 23α + 7α2 10α+ 16 + 7α7α2 + 3α+ 9 17α+ 10 + 12
α
+ 9
α2
7α+ 3 + 9
α
9α2 − 2α− 6 9α+ 7− 8
α
− 6
α2
9α− 2− 6
α


=

 10α2 + 16α+ 7 16α2 + α+ 3 7α2 + 3α+ 97α2 + 3α+ 9 3α2 + 13α− 2 9α2 − 2α− 6
9α2 − 2α− 6 −2α2 + 5α+ 15 −6α2 + 15α+ 4

 .
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If we will compute the determinants of both sides, we get the characteristic equation of the
matrix H as follows
0 =
∣∣∣∣∣∣
10α2 + 16α+ 7 16α2 + α+ 3 7α2 + 3α+ 9
7α2 + 3α+ 9 3α2 + 13α− 2 9α2 − 2α− 6
9α2 − 2α− 6 −2α2 + 5α+ 15 −6α2 + 15α+ 4
∣∣∣∣∣∣
= 1681(−α− α2 + α3 − 1)2.
Then, α3 − α2 − α− 1 = 0 as required. 
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